In this paper, we obtain the first-order Melnikov function of piecewise smooth polynomial perturbation of a Hamiltonian system. As application, we consider the number of limit cycles for perturbing the global center and truncated pendulum inside a piecewise smooth cubic polynomial differential system. Our results show that a piecewise smooth differential system can bifurcate more limit cycles than the smooth one.
Introduction and statement of the main results
The second part of Hilbert's th problem and its weak version are two open problems in the qualitative theory of real planar differential systems; see [-] . Since both problems are difficult, mathematicians try to study particular and simple cases. For example, Smale's th problem restricts Hilbert's th problem to the Liénard systems [] .
In recent years, stimulated by nonsmooth phenomena in the real world, piecewise smooth differential systems have attracted a good deal of attention; see, for instance, [, ] . There are several papers [, ] considering the limit cycles for piecewise smooth Liénard systems. The authors of [] studied the Hopf bifurcation for a piecewise smooth planar Hamiltonian system. In the paper [] , the authors considered the Poincaré bifurcation for piecewise smooth Hamiltonian systems and obtained the first-order Melnikov function. Then, they applied the first-order Melnikov function to study the number of limit cycles that bifurcate from the period annulus of the center and obtained some new results. Later, by introducing multiple parameters, in [] , some new formulas are obtained for piecewise smooth systems. In the paper [], the authors considered the number of limit cycles that bifurcate from the period annulus of the center for a piecewise smooth quadratic isochronous center. Generally speaking, a piecewise smooth system can bifurcate more limit cycles than a smooth one. In a recent paper [], the authors studied the limit cycles for m-piecewise smooth Liénard system, They conjecture that the number of limit cycles decreases as m increases.
In this paper, we consider the following piecewise smooth perturbed Hamiltonian system:
where f ± (x, y) and g ± (x, y) are polynomial functions with respect to x and y.
Note that the unperturbed system ()| ε= is a Hamiltonian system with the first integral H(x, y), and there is a family of periodic orbits
Without loss of generality, we suppose that L h has the clockwise orientation.
In this paper, we try to study the first-order Melnikov function for piecewise smooth system (). Applying the first-order Melnikov function, we consider the number of limit cycles that bifurcate from the period annulus of the center for unperturbed system ()| ε= under piecewise smooth polynomial perturbation.
Theorem  The first-order Melnikov function of system () can be expressed as
where As applications, we study the number of limit cycles for the piecewise smooth perturbation of the global center
and the truncated pendulum
Note that for ε = , systems () and () are Hamiltonian systems. These systems occur in oscillating chemical reactor models and have been studied in several papers; see, for instance, [, ] . Applying the first-order Melnikov function given by (), we consider the number of limit cycles that can bifurcate from the period annuls surrounding the origin of systems () and () under piecewise smooth cubic polynomial perturbation. Our result is the following theorem.
Theorem  There are at least five limit cycles that can bifurcate from the period annulus surrounding the origin of () (resp. , where the authors obtained that there are at most two limit cycles that bifurcate from the period annulus of the origin for the smooth systems () and (). Our result shows that planar piecewise smooth differential systems () and () can bifurcate three more limit cycles than the smooth one.
Proof of Theorem 1
We need the following lemma derived from [] to prove Theorem .
Lemma  Consider the perturbed piecewise smooth Hamiltonian system
where f ± (x, y) and g ± (x, y) are analytic functions with respect to x, y. Assume that: 
Under assumptions (I) and (II), system ()| ε= has a family of periodic orbits L
h = L + h ∪ L - h for h ∈ J. Each
of the closed curves L h is piecewise smooth in general. Further, without loss of generality, suppose that L h has a clockwise orientation.

Then the first-order Melnikov function of system () can be expressed as
Further, if M  (h * ) =  and M  (h * ) =  for some h * ∈ J, then for |ε| >  sufficiently small, system () has a unique limit cycle near L h * .
Proof of Theorem  Since the unperturbed system ()| ε= is a Hamiltonian system with first integral H(x, y), it is obvious that assumptions (I) and (II) are satisfied. Note that
Replacing () by (), we have
where
() Applying Green's formula two times to the integrals (), we have
Replacing () and () by (), we obtain the first-order Melnikov function (). According to Lemma , every simple zero of the first-order Melnikov function () provides a limit cycle of system (). This completes the proof.
Proof of Theorem 3
In order to estimate the number of the zeros of the first-order Melnikov function, we need the following lemma. Proof of Theorem  First, we consider system (). From
Lemma  []
we obtain that
and
According to Theorem , the first-order Melnikov function is
where f ± (x, y) and g ± (x, y) are given by ().
For simplicity, we define the following functions:
Lemma  The following equalities hold:
and α  (h) = -α(h). By symmetry we have
The equalities I , (h) = I , (h) = I , (h) =  can be proved similarly.
(ii) In order to prove that I , (h), I , (h), I , (h), I , (h), I , (h), I , (h) are linearly independent functions, for these functions, we make the following Taylor expansions in the variable h around h = :
Suppose that
In the following, we need to prove that I , (h) with arbitrary coefficients. From Lemma  we obtain that M  (h) has at least five simple zeros in (, +∞). According to Theorem , we can deduce that there are at least five limit cycles that can bifurcate from the period annulus surrounding the origin of () by the first-order Melnikov function. The proof of Theorem  for system () is similar. The main difference is that
so we omit it.
